The oscillation-center Hamiltonian is derived for a relativistic electron injected with an arbitrary momentum in a linearly polarized laser pulse propagating in tenuous plasma, assuming that the pulse length is smaller than the plasma wavelength. For hot electrons generated at collisions with ions under intense laser drive, multiple regimes of ponderomotive acceleration are identified and the laser dispersion is shown to affect the process at plasma densities down to 10 17 cm −3 . Assuming a/γg 1, which prevents net acceleration of the cold plasma, it is also shown that the normalized energy γ of hot electrons accelerated from the initial energy γ0 Γ does not exceed Γ ∼ aγg, where a is the normalized laser field, and γg is the group velocity Lorentz factor. Yet γ ∼ Γ is attained within a wide range of initial conditions; hence a cutoff in the hot electron distribution is predicted.
I. INTRODUCTION
The recent advances in the laser technology have yielded techniques for generating electromagnetic radiation with intensities as high as 10 22 W/cm 2 [1] . Experiments show that interaction of ultrapowerful pulses with underdense plasmas produce hot electrons with energies up to hundreds of MeV [2, 3] . As argued in Ref. [4] , the effect might be due to ponderomotive acceleration of electrons, following large-angle collisions with ions in strong electromagnetic field. Assuming that the laser dispersion is negligible due to the plasma density being small, the model explains the observed power-law spectra and predicts that the particle maximum energy scales as the third power of the field amplitude. This estimate is also in approximate agreement with the available experimental data [4] ; however, the latter is insufficient to conclude whether the model is, in fact, quantitatively accurate. On the other hand, already small yet nonvanishing densities of the plasma can undermine the assumption of negligible dispersion and therefore modify the acceleration mechanism: the electron velocity can then exceed the group velocity of a laser pulse, so the particles can be reflected, or "snow-plowed" by the field envelope. Thus, to understand the production of hot electrons in previous and future experiments, the effect of the laser dispersion on ponderomotive acceleration must be explored.
Previously, the snow-plow acceleration was studied in specific regimes when the electron motion becomes exactly integrable. Particularly, Refs. [5, 6, 7] assume equal group and phase velocities of the laser, and Refs. [8, 9, 10, 11] suppose circular polarization and cold electrons (i.e., having zero transverse momentum), also adopted in Refs. [12, 13, 14, 15] for an oscillation-center model. However a general treatment of the relativistic ponderomotive force in plasma has not been formulated, and the effect of the laser dispersion on the ponderomotive acceleration of hot particles has not been understood.
The focus of this paper is then twofold. First, we derive the oscillation-center (OC) Hamiltonian for a relativistic electron injected with an arbitrary momentum in a linearly polarized laser pulse propagating in tenuous plasma, assuming that the pulse length L || is smaller than the plasma wavelength λ p . Second, we use this formalism to describe the ponderomotive acceleration of hot electrons generated at collisions with ions under intense laser drive. Specifically, we identify multiple regimes of this acceleration and show that the laser dispersion affects the process at plasma densities down to n ∼ 10 17 cm −3 . Assuming a/γ g 1, which prevents net acceleration of the cold plasma, we also show that the normalized energy γ of hot electrons accelerated from the initial energy γ 0 Γ does not exceed Γ ∼ aγ g , where a is the normalized laser field, and γ g is the group velocity Lorentz factor. Simultaneously, γ ∼ Γ is attained in a wide range of initial conditions, with the angular spread of the accelerated electrons χ ∼ γ −1 g .
Hence we conclude that the distribution of hot electrons produced at large-angle collisions with ions at L || λ p and a/γ g 1 must have a cutoff at the energy γ ∼ aγ g . This refines the result from Ref. [4] , showing how even weak laser dispersion can affect the acceleration gain. However, further experiments are yet needed to validate the updated scaling, because no relevant data has been reported for the regime considered here.
The paper is organized as follows. In Sec. II we introduce our basic equations. In Sec. III we derive the OC Hamiltonian for a particle interacting with a laser pulse in tenuous plasma. In Sec. IV we identify the major regimes of ponderomotive acceleration in plasma and find the general expression for the particle energy gain. In Sec. V, we discuss what we call the plateau regime, where γ ∼ Γ is attained within a wide range of initial conditions. In Sec. VI we summarize our main results. Supplementary calculations are given in Appendix.
II. BASIC EQUATIONS
Suppose a plane laser wave propagating in plasma with the group velocity v g and the phase velocity v p along the x axis, so the vector potential reads A = y 0 A,
Here y 0 is a unit vector along the y axis, L || is the spatial scale of the envelope A, and k is the wavenumber such that ≡ (kL || ) −1 1. Consider a particle with mass m and charge e interacting with this wave, assuming that the electrostatic potential is negligible (Sec. V B). Then the particle Hamiltonian is [16] 
where p x is the x component of the particle kinetic momentum, and P ⊥ is the conserved transverse canonical momentum.
In the extended phase space, where (t, −H) serves as another canonical pair and the independent variable is the proper time τ , the equivalent Hamiltonian reads [17] 
and, numerically, H ≡ 0. Introduce the dimensionless variablesx
and P ⊥ ≡ P ⊥ /mc = const. Hence we rewrite Eq. (3) as
assumingτ is the new time, and the normalized laser fieldĀ ≡ eA/mc 2 reads
III. OSCILLATION-CENTER HAMILTONIAN

A. Extended Hamiltonian
Like in Refs. [5, 6, 7, 8, 9, 10, 12, 13, 15] , we assume the linear plasma dispersion, which holds for arbitrarily large a at L || λ p [18, 19, 20] . [Also, the nonlinear instabilities will be neglected as they occur on time scales exceeding the acceleration time, which is less than the wave period (Sec. IV B).] Then,
where α = n/n c , and n c is the critical density [21] . Perform a canonical transformation on Eq. (5) [22] :
governed by the generating function
Then
so the new Hamiltonian reads
and the new variables are given by
Unlike at β p = β g [5, 6, 7] , e.g., for vacuum (Appendix A), or the exactly integrable case of circular polarization with zero P y [8, 9, 10, 11] , there are two independent coordinates θ and ψ entering H here; hence we proceed as follows. Introduce the normalized momentā
which remain finite at α → 0; hence the Hamiltonian
Following the general perturbation theory [23, 24, 25, 26] , we now seek to map out the quiver dynamics. To do this, consider a canonical transformation
Choose S such that Π and W are OC canonical momenta, i.e., the new Hamiltonian H(Θ, Π; Ψ, W ) does not contain fast oscillations. Then (18) the tilde standing for the quiver part, and
At 1, the terms containing ∂ ψ S are negligible; thus, from Eq. (18), S is nearly independent of W , and
Hence Eq. (18) rewrites as
where
, and the angular brackets denote averaging over θ. Solving Eq. (21) yields (22) where we chose the root which corresponds toP > 0,
Require that S does not contain a zeroth-order harmonic in θ; hence, due to Eqs. (20), (22), (23), C is found from
(For an approximate solution see Sec. III C; also see Refs. [12, 13, 15] for the case P ⊥ = 0.) Then
Hence we integrate the motion in the variables (Θ, Π):
and the remaining canonical equations reaḋ
B. Effective mass M *
One can also revert to the space and time coordinates, which is done as follows. Apply the variable change
whereH(Θ,Π; Ψ,W ) is the new Hamiltonian. Perform a canonical transformation
Then P x = ρ , H = γ , and
Now return from the extended phase space to the physical phase space, so that T becomes the independent variable. Hence the new Hamiltonian
is equivalent to that of a particle with an effective mass
where Φ = Φ(a, α, P y , Π),
is a constant determined by the initial conditions, and
⊥ is the OC total momentum squared. Thus the average force on a particle due to the laser field, or the so-called ponderomotive force, reads
in the nonrelativistic case yielding F ≈ −∇Φ, where Φ is called the ponderomotive potential [27, 28, 29, 30, 31] . From Eq. (26), it flows that the plasmon inertia decreases the electron effective mass and Φ. As the treatment is expanded to arbitrary dispersion (other polarizations are allowed, too), it can also be shown that M * < M at β p > 1, and M * > M at β p < 1 in the general case. However, the sign of the square root in Eq. (22) (and further) must be chosen appropriately, accounting for the fact that P [Eq. (12)] might then become negative.
C. Explicit approximation for M *
To find the Hamiltonian H and the effective mass explicitly, solve for δ using Eq. (24), which rewrites as
At ξ 1, ξq y 1, this yields an approximate solution (44)] (dashed) yield the reflection points ξr (dots), and physically realizable are ξ ≤ ξr. Here Pz = 0 and α → 0; hence ξr ≈ ξ * for qy = 0, 0.5, 1, but ξr < ξ * for qy = 2. The exact ξr are close to those flowing from the analytical approximation, except at qy = 0.5 here, in which case the dotted and the dashed lines do not intersect.
Then δ
1, so the effective mass reads
where M = 1 + a 2 /2 is the effective mass in vacuum [15, 27, 32, 33, 34, 35, 36] . Particularly, for cold particles with P = 0 (i.e., Π ≈ M ), and α = α 0 /M (assuming relativistic modification of the critical density, with α 0 = const), one gets
, in agreement with Ref. [37] .
Eq. (40) can also be extrapolated as follows. Eq. (38) must hold for any initial conditions; however, at large ξ, its right-hand side goes to zero, and on the left-hand side ξ −2 becomes negligible in comparison with |f | 1. On the other hand, the square root in Eq. (38) is supposed to remain positive and nonvanishing due to the oscillatingf . Thus there is no solution for δ at ξ 1, meaning that there exists ξ * (q y ) such that any realizable ξ satisfies
(see also Sec. III D). Yet the exact numerical solution of Eq. (38) for δ(ξ, q y ) and its domain is close to Eq. (40) for any ξ from the interval [0, ξ * (q y )], as seen in Fig. 1 . Therefore Eq. (40) roughly holds for any realizable ξ, and Eq. (35) can be used to, at least, estimate M * explicitly.
D. Reflection point
Since ξ ≤ ξ * , a particle cannot enter a field with a > a * ≡ ξ * Π/ √ α; thus, if the maximum field exceeds a * , a particle is reflected. On the other hand, not all ξ satisfying Eq. (42) can be physically realized; thus a particle may bounce off even weaker field.
Specifically, the reflection condition is found froṁ
which is obtained using Eq. (25), together with H ≡ 0. Suppose α a 2 ; then, atΨ = 0, being the condition of particle stopping in the frame traveling with the laser envelope, Eq. (43) yields
for the reflection point ξ r . Unlike ξ * (q y ), the value of ξ r is then determined by both q y and q z ; hence ξ r < ξ * , except at q z = 0 and |q y | ≤ 1, for which case one can show ξ r → ξ * for α → 0 (Fig. 1) . With Eq. (40) used as an estimate for δ [38] , one can further show that, in agreement with Refs. [6, 7, 8, 9, 10] ,
assuming the inequality (42) . Thus reflection is impossible at ξ ξ r and possible at ξ ∼ ξ r , whereas larger ξ cannot be realized. Therefore
which also yields, from Eq. (40) and q ⊥ ≥ q y , that
IV. PONDEROMOTIVE ACCELERATION
A. Basic equations
The particle energy γ, as affected by the ponderomotive force (37) , can now be calculated as follows. Use Eq. (10) 
Thus the energy retained outside the field is
where the plus and the minus correspond to the particle overtaking the pulse and falling behind it, respectively.
If no reflection occurs and the average-force approximation [from which Eqs. (48), (49) are derived] holds on the time interval (−∞, +∞), then γ ∞ matches the energy before entering the field, due to the conservation of Π and P ⊥ . Yet in the general case
unless Π 2 α(1 + P 2 ⊥ ) and the particle is transmitted; otherwise Eq. (49) is Taylor-expanded as
[cf. the exact solution (A5) for vacuum]. Hence γ ∞ can be found by substituting Π from
Here we employed Eqs. (23), (27) , (36), (39) and, using Eqs. (10), (14), substitutedP = w √ 1 − α, with
found from initial conditions (hence the index 0). If a particle is born inside the field (Sec. IV B), the initial δ itself depends on Π and must be found from Eqs. (27), (24) Consider a hot electron produced inside a laser pulse, e.g., due to ionization or collision (Sec. IV C), at some θ 0 and a of the order of the maximum amplitude a max . Hence, as the particle starts to oscillate, it attains γ ∼ γ ∞ already on a fraction of the oscillation period [Eq. (48)], like described in Ref. [39] . To calculate the associated energy gain, suppose an initial momentum ℘ ≡ p 0 /mc, for simplicity assuming ℘ z = 0 and α 1; thus
whereas ℘ || will denote the x-component of the particle kinetic momentum. Then one of the six regimes is realized, depending on how w [Eq. (53)] is expanded (Fig. 2) , and more regimes appear due to Eqs. (54), (55) allowing multiple scalings for Π and P y , respectively. Below we limit our consideration to only a part of these regimes, because of the following. According to Eqs. (45) , (46), a pulse with a maximum amplitude satisfying αa 2 max 1 will snow-plow cold electrons of the background plasma, which have Π = 1 and P ⊥ = 0 [38] . However, this would result in a significant electrostatic potential (ahead of the pulse) which is not included into the model; thus we assume
so only few, hot electrons could be snow-plowed. Assuming also a 1, twelve distinct regimes persist (Fig. 3) , and those of primary interest are discussed below.
C. Acceleration in vacuum
Suppose that an electron is produced at rest, e.g., due to ionization [40, 41] ; then, from Eq. (55),
At α 1, the pulse travels much faster than the particle; hence the weak dispersion due to plasma is inessential in this case. Then Eq. (52) yields Π ≈ w = 1, so ξ ∼ a √ α 1 and Π 2 α(1 + P 2 ⊥ ), both because of Eq. (56). Therefore particle reflection from the pulse is impossible in this case (Sec. III D), and Eq. (51) applies, yielding
in agreement with Ref. [39] and regime I in Fig. 3 . When a particle is born with positive ℘ || 1, stronger acceleration is predicted from Eq. (51) due to reduced Π. Indeed, suppose a small pitch angle χ 0 ≈ ℘ ⊥ /℘ || and, again, neglect the plasma dispersion (α → 0); then
Similarly, Eq. (51) holds, so one gets
covering regimes III.1 and IV.1 in Fig. 3 . Hence only a small fraction of electrons is accelerated efficiently, particularly those with χ 0 ℘ 
Regimes of ponderomotive acceleration for electrons born inside laser field with initial momentum ℘. The dashed and dot-dashed lines separate different domains corresponding to the same energy γ∞. The dot-dashed line is also a schematic of the curve (69), at which the particle velocity equals the pulse group velocity. Shaded is the "plateau" where the maximum energy γ∞ ∼ aα −1/2 is independent of ℘. The roman numbers are the same as for the corresponding domains in Fig. 2 .
Specifically, the described effect is anticipated at largeangle electron-ion collisions in tenuous plasmas [4] . Suppose a cold electron oscillating in a laser field with a quiver kinetic momentump ∼ ∼ a and zero average velocity. (For the general case, see Fig. 3 and Sec. V.) Suppose further that this particle collides with an ion such that the momentum vector instantaneously rotates toward the pulse propagation direction, i.e.,
Then the maximum γ ∞ from Eq. (60) reads
the result being called the a 3 -effect [4] , and the angular spread of the accelerated electrons is
D. Modification of the a 3 -effect in plasma
Increasing the number of accelerated electrons requires higher plasma densities, and the a 3 -effect is modified in this case because of the laser dispersion; hence the energy gain is calculated differently. Particularly, for electrons with the initial conditions (61), one has w ∼ a 1 (regime IV.1), one obtains Π ∼ a −1 , so the reflection condition is not met, and the plasma effect is negligible. Suppose now that σ 1 (regime IV.2). Then one gets
so it becomes possible to reflect electrons from the pulse, at least, for some θ 0 . (In vacuum, this effect is impossible because particles could not travel faster than light.) Hence the final energy is estimated from Eq. (50) as and the angular spread of the accelerated electrons is
Now rewrite Eq. (65) as γ ∞ ∼ a 3 σ −1/2 . Then a uniform scaling is obtained, which covers both regimes IV.1 and IV.2, accounting for how the a 3 -effect is modified with the plasma density:
This agrees with the results of our numerical simulations. Specifically, at σ 1 we observed the vacuum a 3 -effect, and electron reflection from a pulse was seen at V. PLATEAU REGIME
A. Maximum energy gain
Now consider a more realistic case when the electron is also preaccelerated by the pulse before the collision; hence we assume arbitrary initial conditions instead of Eq. (61). Similarly to Sec. IV D, one can show that the acceleration is affected by plasma only in regimes III.3, IV.2, V.I, and V.2 (Fig. 3) . Those adjoin the curve which corresponds to the particle traveling at the pulse group velocity, with ℘ ⊥ ℘ || (dot-dashed in Fig. 3 ). Hence the respective interactions are classified as follows.
• In regimes III.3 and IV.2, a particle initially travels along x-axis slower than the pulse and is accelerated up to the energy (65).
• In regime V.I, a particle initially travels along xaxis faster than the pulse. However, it gains additional transverse momentum before it escapes from the field, resulting in the same energy gain (65).
• In regime V.2, a particle is fast enough to run ahead of the pulse such that the energy γ is not affected (γ ∞ ≈ γ 0 ), as opposed to vacuum where γ ∞ ≈ γ 0 a 2 would apply at arbitrarily large γ 0 (cf. IV.1).
• In all other regimes, the particle gains energy smaller than both γ 0 and that given by Eq. (65).
Thus for an electron born inside a laser field one has
where Γ ∼ aγ g is the energy of a particle comoving with the pulse, with the transverse momentump ⊥ ∼ a 1 and the group velocity Lorentz factor γ g = α −1/2 . Assuming γ 0 < Γ, the maximum (over θ 0 ) of the particle final energy is then attained in the "plateau" formed by the domains III.3, IV.2, V.I, where it is independent of the initial momentum ℘ and so is the angular spread of the accelerated electrons:
Below we assess the feasibility of the plateau regime and suggest an estimate for the energy of hot electrons which can be produced in conceivable experiments.
B. Required parameters
The one-dimensional (1D) model above neglects electron escape from the accelerating field in the transverse direction. This is a valid approximation if
where ∆τ ∼ ∆Ψ/Ψ is the normalized proper time of the interaction, and ∆Ψ ∼ 1 because the acceleration occurs on a single period (Sec. IV B). In the plateau regime, Eq. (43) yieldsΨ ∼ a √ α; thus Eq. (72) rewrites as
where we took λ for the laser wavelength, andp ⊥ ∼ a. For narrower pulses, the energy gain would be somewhat lower than that predicted by Eq. (71), particularly for particles born atĀ a max , as also confirmed in our numerical simulations (Fig. 6) . Nonetheless one can anticipate the 1D scaling to hold for feasibly focused ultraintense fields down to about α ∼ 10 −4 . Hence the laser dispersion should affect the electron acceleration at plasma densities down to about 10 17 cm −3 . Now let us estimate the influence of the previously neglected wake potential ϕ, which impedes the acceleration because the associated electrostatic force is directed oppositely to the ponderomotive force [10, 42, 43] . The energy gain due to the electric field
2 , where L ∼ k −1 ∆τ γ ∞ is the interaction length, or kL ∼ γ and the density perturbation of the order of n, the Pois-
1, i.e., the wake is indeed negligible [44] 3 and χ ∼ 0.01. Therefore hot electrons can be accelerated to energies of a fraction of GeV and will be scattered within a small angle of 0.6
• .
VI. CONCLUSIONS
In this paper, we derive the oscillation-center Hamiltonian for an electron injected with an arbitrary momentum in a linearly polarized laser pulse propagating in tenuous plasma, assuming that the pulse length L || is smaller than the plasma wavelength λ p . We then use this formalism to describe the ponderomotive acceleration of hot electrons generated at collisions with ions under intense laser drive. Specifically, we identify multiple regimes of this acceleration and show that the laser dispersion affects the process at plasma densities down to 10 17 cm −3 . Assuming a/γ g 1 [Eq. (56)], which prevents net acceleration of the cold plasma, we also show that the normalized energy γ of electrons accelerated from the initial energy γ 0 Γ does not exceed Γ ∼ aγ g , where a is the normalized laser field, and γ g is the group velocity Lorentz factor. Simultaneously, γ ∼ Γ is attained in a wide range of initial conditions, with the angular spread of the accelerated electrons χ ∼ γ −1 g . Hence the distribution of hot electrons produced at large-angle collisions with ions at L || λ p and a/γ g 1 will have a cutoff at γ ∼ aγ g . This refines the result from Ref. [4] , showing how even weak laser dispersion can affect the acceleration gain. However, further experiments are yet needed to validate the updated scaling, because no relevant data has been reported for the regime considered here. In the case of vacuum, a simplified solution is possible as follows. Perform a canonical transformation [22] (x, ρ;t, −γ) → (θ, ρ ; η, −w)
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using a generating function = (x −t)ρ −tw.
Then θ =x −t, ρ = ρ, η =t, w = γ − ρ,
